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Let R be a commutative ring, and S an R-algebra which is the direct limit 
of commutative, separable, projective R-subalgebras (i.e. a locally separable 
R-algebra). Under a suitable normality condition on S we give a Galois 
correspondence between all locally separable subalgebras of S and closed 
subgroupoids of a certain topological groupoid. 
The correspondence is constructed as follows: first, it is shown that 
separable subalgebras are determined by their separability idempotents. The 
separability idempotents are intrinsically characterized (among the idem- 
potents of S OR S). Then the Boolean spectrum of S OR S is shown to be a 
topological groupoid. Idempotents of S c,%J~ S correspond to open-and-closed 
subsets of the Boolean spectrum; we complete the Galois correspondence by 
showing that the subsets corresponding to separability idempotents are 
subgroupoids, and conversely. 
W7hen S is finitely generated over R, it is known [7] that separable sub- 
algebras correspond to subgroups of the group Aut,(S) of all R-algebra 
automorphisms of S. When S is not necessarily finitely generated, but has no 
idempotents except zero and one, locally separable subalgebras are known to 
correspond to subgroups of ilut&(S) [4]. Both of these Galois theories are 
shown to be consequences of the theory given here. In general, however, it is 
false that separable or locally separable subalgebras correspond to subgroups 
or conversely 131. 
Groupoids were introduced in Galois theory by Villamayor and Zelinsky 
[6]; it was the study of that work which led to this. 
R denotes throughout a fixed, commutative base ring. All algebras are 
commutative and all unsubscripted tensors are over R. For a commutative 
ring T we denote the Boolean spectrum of T (the identification space of 
spec(T) with connected components identified to points) by X(T). 
The direct image, under the identification, of the usual sheaf on spec(T) 
gives a sheaf on X(T); the stalk of this sheaf at N is denoted T, . The points 
of X(T) can also be considered as maximal ideals in the Boolean ring of 
idempotents of T, and the sets N(e) = {x in X(T) : 1 - e E ~1, as e ranges over 
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idempotents of T, form a basis of open and closed sets for the topology of 
X(T). For t in T, the image of t in T, is t, ; each T, is connected and hence 
for each idempotent e the map e + e, defines a function from X(T) to { 1, 0} 
whose support is N(e). If M is a T-module, m in ill, &Ix denotes Ad @r T, 
and m, the image of m in nl, ; we use a similar notation for morphisms. 
Details about these and other facts about Boolean spectra are in [5] and [7]. 
1, An R-algebra S is strongly separable if it is separable as an R-algebra, 
finitely generated and projective as an R-module. S is locally strongly separable 
if every finite subset of S is contained in a strongly separable subalgebra of S. 
S is a Galois R-algebra if S has no non-trivial idempotents, S is locally 
strongly separable, and the fixed ring of AuQS) is R. All algebras are faithful. 
If S is a separable R-algebra, the image of 1 in the inverse of the multiplication 
map is called the separability idempotent of S; if e = Zai @ bi is the separa- 
bility idempotent then Za,b, = 1 and (s @ 1 - I @ s) e = 0 for all s in S. 
PROPOSITION 1.1. Let S be a locally strongly separable R-akebra, T a 
strongly separable subalgebra, and e the image of the separability idempotent 
of T in S @ S. Then: 
(a) S is faithfully T-flat; 
(b) T = (sin S : (s @ 1 - 1 @ s) e = O}; 
(c) The canonical map S OR S + S mT S is split by multiplicatio~t by e. 
Proof. S = dir lim Si , where Si ranges over the strongly separable 
subalgebras of S containing T. For each i, 0 + T + Si -+ &IT + 0 is 
T-split exact and Si is T-projective, so &IT is T-projective. Pass to the direct 
limit; then the limiting sequence shows that SIT = dir lim &IT is T-flat, 
thus (a). 
Map S to S &-S by sending s to s @ 1 - 1 @ s. By (a), the kernel is T. 
T OR T + T is split by multiplication by the separability idempotent; 
tensoring over T OR T with S OR S gives S OR S---f S @T S split by 
multiplication by e (hence (c)) and s @ 1 - 1 @ s is zero in S &S if and 
only if (s @ 1 - 1 @ s) e = 0, hence (b). 
When S is strongly separable (b) was shown in [6, p. 7291. 
LEMMA 1.2. Let S be a locally strongly separable R-algebra, T a separable 
subalgebra. Then T is strongly separable. 
Proof. Let e = Zai @ bi be the image in S @ S of the separability 
idempotent of T. Let T, be a strongly separable subalgebra of S containing 
all the ai , bi ; let f  be the image of the separability idempotent of T,, in S @ S. 
Then ef = f, so for s in T, (s @ 1 - 1 @ s) f  = (s @ 1 - 1 @ s) ef = 0, so 
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by (1.1) (b) s is in T, . Thus T is contained in T, , and hence strongly 
separable. 
THEOREM 1.3. Let S be a locally strongly separable R-algebra. Let 
e = Za, @ bi be ar, idempotent of S @ S satitfying 
1) Zqb, = 1, (sum over i); 
2) Zui @ bi = Zbi @ ai , (sum over i); 
3) .Za, 81 ajb; @ bj = Zai @ aj @ bib, , (su?n over i, j). 
Then T = (s i?z S : (s @ 1 - 1 @ s) e = O> is a strongly separabble subalgebFa 
of S .with Zai (8 bi as its separability idempotent. Conversely, the image it1 S (8 S 
qf the separability idempotent of a separable subalgebra qf S satisfies I), 2), 3). 
ProoJ ThemapS-+S@Sbys+(s@l-l@s)egivesrisetothe 
exact sequence: (I) 0 ---f T + S + S @ S. Tensor with S; we obtain the exact 
sequence 0 -+ S @ T + S @ S ---f S 0 S @ S with the first map inclusion 
and the second u ‘3 v  - zd (3 (v @ 1 - 1 @ z) e. By 3) e goes to zero and 
hence belongs to S @ T; we can thus assume each bi is in T. 
Choose a strongly separable subalgebra T,, of S containing all the ai and bi . 
As in (1.2) above, T is contained in T, . S/T0 is R-flat by (1.1) (a) and as 
T,, @ T -+ S 81 T is one-one; by the above, e is in T,, @I T. The multi- 
plication map T, @ T -+ T, is T-module split by .z’ -+ (;v @ 1) e. Since 
To @ T is T-projective, so is T,, , and it follows that T is strongly separable 
over R. In particular, it is R-flat. 
Tensoring (I) with T gives rise to the exact sequence: (II) 0 --f T (8 T + 
T~S+S~S~S(hereweharecomposedthemapT~S-+T@S~S 
with the inclusion T @ S @ S---f S @ S @ S). Above, we have shown e 
to be in S @ T; by 2), e is also in T @ S. Thus 3) and the exact sequence (II) 
imply that e is in T @ T. Hence e is the separability idempotent of T. 
For the converse, let T be any separable subalgebra of S and e the image in 
S @ S of its separability idempotent. By (1.2) T is strongly separable and 
hence the sequence (II) is exact. This gives 3); 2) follows from uniqueness of 
separability idempotents and 1) from their definition. 
To extend (1.1)(b) and (1.3) to locally separable algebras, it is necessary to 
look at more general subsets of X(S @ S) than those of the form N(e). 
For a subalgebra T of the R-algebra S let k’(T) be the set of ail .T in 
X(S @ S) such that (t @ 1 - 1 @ th = 0 for all t in T. 
LEMMA 1.4. Let S be a locally strongly separable R-algebra, T a subalgebra 
and suppose T = dir lim Ti where each T, is a strongl!~ separable R-subalgebra 
zoith separability idempotent ei . Then V(T) = n N(e,). 
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Proof. Let x be in the intersection and t in T. There is an i such that 
(t @ 1 - 1 @ t) ei = 0. s ince .t is in N(e,), (e& = 1. Thus (t @ 1 - 1 @ t)z 
is zero, and x is in V(T). I f  conversely 31: belongs to V(T) then for a, b in T, 
(a @ b)Z = (ab @ I)Z. In particular, (eJZ 1 1, and x belongs to each N(eJ. 
PROPOSITION 1.5. Let S be a locally strongly separable R-algebra, T a 
locally sepasable subalgebra. Then T = {s in S : (s @ 1 - 1 @ s)+ = 0 all 
x in V(T)}. 
Proof. By definition, T is contained in the rightside. 2’ = dir lim Ti , 
with each Ti strongly separable, so V(T) = n N(ei), where ei is the separa- 
bility idempotent of Ti . I f  (s @ 1 - 1 @ s)~ = 0 for all x in V(T), then 
s @ 1 - 1 @ s must vanish on some open neighborhood of V(T) in X(S @ S) 
[7,2.9]. Since each N(ei) is open and closed and X(S @ S) is compact, any 
open neighborhood containing V(T) = n N(e,) must contain a finite inter- 
section of the N(e,). Since T is a direct limit, this means there is an e, such 
that s @ 1 - 1 @ s vanishes on N(e,), so (s @ 1 - 1 @ s) e, = 0 and s is in 
T,, , hence T. 
Thus locally separable subalgebras of locally strongly separable algebras 
are determined by certain closed subsets of the Boolean spectrum of the 
algebra. In order to characterize these subsets intrinsically, we put a groupoid 
structure on the Boolean spectrum. This requires a normality condition on the 
algebra. 
An R-algebra S is normal if for every x in X(R) and every connected 
Rx-algebra T, all R,-algebra homomorphisms of S, to T have the same 
image. A homomorphic image of a normal algebra is normal and, if R is 
connected, a normal, locally separable subalgebra of a Galois R-algebra is 
Galois. (A normal subalgebra of an R-algebra need not be invariant under 
automorphisms of the algebra [3, p. 121.) 
PROPOSITION 1.6. A stro?agly separable R-algebra T is taormal if and only if 
it is weakly Galois irl the sense of [7, 3. I]. 
Proof. By [7], T is weakly Galois if and only if each T, for x in X(R) 
is a finite product of isomorphic, finitely generated Galois Rx-algebras. Thus 
we assume R is connected. Suppose 2’ is normal and strongly separable, and 
let S be a separable closure of R [2, p. 4621. For each minimal idempotent e of 
T, embed Te in S; these all have the same image and are Galois. Conversely, 
suppose that T = T,, x ... x T,, where T,, is a finitely generated Galois 
R-algebra. Let S be any R-algebra and h, k homomorphisms from T,, to S. 
Then by [I, 3.2, p. 251, there is g in Aut&T,,) such that h = kg, so h, k have 
the same image. By [2, 1.6, p. 4641 a h omomorphism from T to a connected S 
must factor through T,, , whence the result. 
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We call an R-algebra S locally weakly Galois if every finite subset of S 
belongs to a normal, strongly separable subalgebra of S. We show that if S 
is a locally weakly Galois R-algebra, X(S @ S) is a groupoid. Let x be a point 
of X(S @ S). Let x be the set of idempotents in the kernel of R + (S @ S),,a 
the set of idempotents in the kernel of S + (S @ S), via s + (s @ 1), and b 
the set of idempotents in the kernel of S + (S 0 S), via s - (I @ s)~ . Then 
clearly x is in X(R), a and b are in X(S) and a and b both lie over x. 
LEkiMS 1.7. In the above notation both the induced ?iraps S, + (S @ S), 
and S, - (S @I S), are isomorphisms. 
Proof. Upon replacing R by R, and S by S, we may assume R to be 
connected. We embed both S,, and S, into the separable closure of R; these 
embeddings give rise to homomorphisms of S to the separable closure. 
S, being a direct limit of normal subalgebras, is normal, and both homo- 
morphisms have the same image, so S, is isomorphic to S, . Let g be an 
isomorphism between them. We can factor S, -+ (S @ S), as 
s, - (S, 0 &>u, + (xl 0 Sd, - (S 0 s>z 
where the first map is s + (s @ l)W , the second is induced by 1 @g and the 
third is canonical, and zu and v  are points in X(S, @ S,) and X(S, @ S,) 
generating the kernels of the inducing maps; these kernels are generated by 
idempotents by [2, 1.61. The second and third maps are isomorphisms, and 
the first is also by (3.5) below. Similarly Sb -+ (S @ S), is an isomorphism. 
By (1.7) we may regard a point x in X(S @ S) as determining a four-tuple 
(x, g, a, b) where s is in X(R), a, b in X(S) lying over x, and g the Rx-algebra 
isomorphism S, -+ (S @ S), + S, , where the second map is the inverse of 
the map induced by s + (s @ 1)2 . Explicitly, ( g(tb) (3 l)z = (1 0 t& . Thus 
(%? 0 tdz = (Sag(h) (3 112 and the map sending s @ t to sag(tb) is a homo- 
morphism of S @I S onto S, with kernel generated by z. We write 
(s @ t)(s, g, a, b) for s,g(Q; thus for f in S @ S, fi = 1 if and only if 
f&g, a, W = 1. 
If  (x, h, E, d) is any four-tuple with x, c, d as above and h and Rx-algebra 
isomorphism of S, to S, , then the set of idempotents in the kernel of 
S @ S + S, by sending s @ t to s,h(td) is a point of X(S @ S). 
PROPOSITION 1.X. The above correspondence give a bijection between the 
points of X(S @ S) and the four-tuples (x, g, Q, b) where x is a point of X(R), 
a, b ape points of X(S) over x, andg is an Rx-algebra isomorphism from Sb to S, = 
Proof. All that remains to be shown is that if (x, g, o, b) is a four-tuple, z 
the corresponding point and (y, h, c, d) the four-tuple correspondig to x 
then the two four-tupl.es are equal. We have that (S @ S), + S, , induced by 
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s @ t -+ s, g(tt) is an isomorphism. Thus the kernel of S + (S @ S), by 
s--f (s @ l)a is the kernel of S + S, by s ---f s, . Hence c = a; in a similar 
fashion we see that d = b and y  = x. The map h is determined by the 
formula (A(td) @ l)z = (1 @ t& . The image of the left hand side, in S, , is 
h(tJ, while the image of the right hand side is g(&). Thus h = g. 
We define a partial multiplication on the set of four-tuples: 
This makes the set of four-tuples, hence X(S @ S) for S locally weakly 
Galois, into a groupoid. The identities of the groupoid are the four-tuples 
(x, 1, a, a), and a subgroupoid is a subset containing all the identities and 
closed under multiplication and inversion. In the case that R is connected S 
is finitely generated over R, this groupoid is the same as the Galois groupoid 
of [6]. 
THEOREM I .9. Let S be a locally weakly Galois R-algebra, and let e be an 
idempotent of S @ S. Then e is the image of the separability idempotent of 
some separable subalgebra of S if and only if N(e) is a subgroupoid of 
X(S @ S). 
Prooj: Let e = C ai @ bi and suppose N(e) is a subgroupoid. We show 
that e satisfies the conditions of (1.3). We use the functional notation intro- 
duced after (1.7): if (x, g, a, b) corresponds to z in X(S @ S), e(x, g, a, 6) = 
C (a&g((b,),) = 1 if and only if z is in N(e). N(e) is a subgroupoid, so for 
each identity (x, 1, a, a), 1 = e(x, 1, a, a) = (C a&), . This is true for all a, 
so C ai& = 1, and condition 1) of (1.3) holds. 
Since N(e) is closed under inversion, e(x, g, a, b) = e(x, g-l, b, a), i.e. 
C (ai),g((b,)b) = C (a&g-l((b,)a); apply g to the right hand side, we get 
(C bi @ a,)(x, g, a, b) which thus equals e(x, g, a, 6). This holds for all four- 
tuples, hence e = C bj @I ai . This establishes condition 2) of (1.3). 
To verify condition 3), we need to describe X(S @ S @ S). Let w belong 
to X(S @ S @ S). Exactly as in (1.8), we may identify w with a point a of 
X(S), a point z of X(S @ S) (both lying over the same point x of X(R)) 
and an Rx-algebra isomorphism h : S, + (S @ S), , where a generates the 
kernel of S + (S @ S @ S), via s + (1 @ 1 @ s),~ , z generates the kerneI 
of S@S-+(S@S@S), via s@t-+(~@t@l),, and Il is the com- 
posite S, --+ (S @ S @ S), --+ (S @ S), . Thus h is determined by the 
formula (h(s,) @ l).U = (1 @ 1 @ s,), , and h gives rise to an isomorphism 
(S (a S @ S), ---f (S @ S), by (s @ t @ & + (s @ Qd Iz(zc,). By (1.8), x 
corresponds to a four-tuple (x, g, c, d). Define k : S, + S, by S, ---f 
(SOS)*+&, where the first map is lz and the second the inverse of the 
map induced by s -+ (1 @ s)* . Thus h(s,) = (1 @ k(s,)), . Composing 
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(S 0 S @ S),D --+ (S @ S), by h with (S @ S), + S, given by g, we get an 
isomorphism (S @ S @ S),, --f S, by (s @ t & u)~ -+ s, g(td) gk(2cgj, and M is 
determined by the six-tuple (x, K, a, g, c, d). Thus: 
= c (4c g@iM g (1 (ah Wd,)) 
= e(x,g, c, d)g(e(x, k, d, a)); 
and 
Thus both the left side sums are zero if (x, k, d, a) is not in ni(e). Since 
(x, g, c, d)(x, k, d, a) = (x, gk, c, a), if (z, k, d, a) is in iv(e) the first sum is one 
if and only if the second sum is one. It follows that both sums are equal at w, 
for all w in X(S @ S @ S), hence equal. 
Conversely, suppose that e is a separability idempotent corresponding to the 
separable subalgebra T. Then by (1.4) V(T) = N(e). But V(T) = {(x, g, a, b) : 
t, = g(tb) for all t in T}, and this is clearly a subgroupoid. 
Theorem (1.9) and Proposition (1.1) give a correspondence between all 
separable subalgebras of the locally weakly Galois R-algebra S and all open- 
and-closed subgroupoids of X(S @ S). We make this correspondence 
explicit : 
Let S be a locally weakly Galois R-algebra. For an R-subalgebra T of S let 
G(W) = {(x, g, a, 4 in X(S @ S) : t, = g(tJ for all t in Tj. G(S/T) is a 
subgroupoid of X(S 0 S) and is called the subgroupoid corresponding to T. 
In this notation, G(S/R) = X(S @ S). Note that Y(T) = G(S/T). 
For a subgroupoid H of G(S/R), let SH = (s in S : g(sJ = s, for all 
(x, g, a, b) in H). S* is a subalgebra and is called the subalgebra corresponding 
to H. 
THEOREM 1.10. Let S be a locally weakly Galois R-algebra. Then the 
correspondences T + G(SIT) and H --f SH induce &verse bijections be&em 
the set of all locally separable subalgebras of S and the set of all mbgroupoids of 
X(S $j) S) u%hich are intersections of open-and-closed subgroupoids. Separable 
subalgebras correspond to open-and-closed subgroupoids. 
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Proof. Let T be a locally separable subalgebra of S and suppose T = 
dir Km Ti with each Ti strongly separable. Then G(S/T) = T’(T) and by 
(1.4) V(T) =- n V(T,J. By (1.9) each V( TJ is an open-and-closed sub- 
groupoid, and by (1.5) the subalgebra corresponding to G(S, T) is T itself. 
Conversely, let H = n Hi be a subgroupoid which is an intersection of 
open-and-closed subgroupoids Hi . We can assume the intersection is 
directed. By (1.9), each Hi = G(S/T,) f  or some separable subalgebra Ti of S. 
Thus if T = dir lim T, , H = G(S/T). S‘ mce T is locally separable, SH = T 
and the subgroupoid corresponding to T is H itself. 
2, In this section we shall apply (1.10) to the special case of a weakly Galois 
algebra (i.e. a finitely generated locally weakly Galois algebra). In this case the 
isomorphisms between stalks at points of the Boolean spectrum of the algebra 
lying over the same point of X(R) are induced by automorphisms of the 
algebra. The Galois correspondence can thus be phrased in terms of auto- 
morphisms. We do this, thereby recovering the Galois theory of [7]. 
We fix the following notation: S is a weakly Galois R-algebra and e = 
x ai @ bi is its separability idempotent. For g in AutR(S), let 
e(g) = Cg(ai) @ bi . For s in S, (1 @ s) e(g) = (g(s) @ I) e(g). I f  fi is in 
X(S), g in AutR(S), and a = g(b), let gb be the isomorphism of S, to S, 
induced by g, so gb(s,) = (g(s)), f  or s in S. We define the following corre- 
spondences (see also [6, 2.1, p. 7251): 
For a subgroup G of AutR(S), let G’ = {(x, gb, a, b) : g E G, b E X(S) . a = 
g(6) and x = a n R). G is a subgroupoid of G(S/R). If  G is contained in H, 
G’ is contained in H’; and G is contained in G”. G” is the closure of G in the 
sense of [7, 3.71. 
For a subgroupoid h of G(S/R), let h’ = {g E Autx(S) : (x, g”, g(b), b) 
is in h for all b E X(S) and x = b n R}. h’ is a subgroup of Aut,(S). I f  h is 
contained in k, h’ is contained in k’; and h is contained in h”. 
We verify immediately that h” = 12’ for a subgroupoid k and G”’ = G’ for 
a subgroup G. 
LEMMA 2.1. (x, k, a, b) bdongs to N(e(g)) if and only ;f  g(b) = a and 
k = g”. 
Proof. Suppose that x = (x, k, a, b) belongs to N(e(g)), i.e. e(g)= = 1. 
For s in S, ((1 0 s) e(g))B = ((g(s) @ 1) e(g)), , so (1 @ s)(x, k, a, b) = 
(g(s) @ 1)(x, k, a, b). The left hand side is k(s) and the right is g(s), . I f  f  is in 
b. k( fb) = 0, so g(f)a = 0 and f  is in a. Thus a = g(b), and k(sb) = g(s), = 
gb(sb), and k = gb. Conversely, if g(6) = a and k = gb, e(g)(x, k, a, b) = 
&dada gb(ki)b) =. ~g(%>,A’(hh = S(c a&da = 1, SO 6% 4 a, b> is in 
WW- 
GALOIS GROUPOIDS 97 
COROLLARY 2.2. Let G be a subgroup of AutR(S). Then G’ = u IY(e(g)), 
where the union is over g in G. 
LERriM.4 2.3. Let T be a separable subalgebra of S. Then V(T) = Aut,(S)‘. 
Proof. Let f = C ci @ di be the image in S @ S of the separability 
idempotent of T, so I’(T) = N(f). I f  g is in -Autr(S), 
fek) = (C CAdi) 63 1) e(g) = e(g), 
so N(e(g)) is contained in ;V(f). By (2.2), then Autr(S)’ is contained in V(T). 
Suppose (x, 12, a, b) is in IT(T) = G(S/T). Then h(tb) = t, for all t in T. 
First observe that h is the restriction of an automorphism of S, which leaves 
T, invariant [6, 2.3, p. 7251. Thus th ere is a g in Aut,(S) which induces h 
[7,2.14]. Hence (x, h, a, b) = (xi, gb, a, b)t which is in N(e(g)) by (2.1) and the 
result follows. 
PROPOSITION 2.4. The correspondences h + h’ and G + G’ induce inaerse 
bijections between the set of open-and-closed subgroupoids of G(S/R) and 
subgroups 0,’ AutR(S) h I zu ic 1 are closures of finite groups. 
Proof. Let k be an open-closed subgroupoid. Then 11 = Y(T) for some 
separable T and by (2.3) and (2.2) h = (J N(e(g)), the union overg in Autr(S). 
Since h is compact, the union may be taken over some finite subset of Aut,(S), 
so over the subgroup F generated by this finite set; F is also finite by [7, 2.161. 
Thus h = F’ (by (2.1)) and h’ q = F” is the closure of a finite group, h” = 
F” = F’ = h. Since h = L4ut,(S)‘, Aut*(S)” = F”, and since Aut,(S) is 
closed, we see that Au+(S) is the closure of a finite group. Now suppose F is a 
finite subgroup of AutR(S) and let G = F”. Then G’ = F” = F’, and 
F’ = u N(e(g)) (for g in F) is a finite union of open-and-closed sets, hence 
open-and-closed. Clearly G” = G. 
We can now obtain [7, 3.81. 
THEOREM 2.5. The correspondences T + Autr(S) and G -+ SG induce 
imerse bijections betzveen the set of separable subalgebras of S and subgroups of 
AutR(S) which are the closures of jinite groups. 
Proof. First, we have SG = SG’. For s belongs to SG’ if and only if 
g(s), = s, for all a in X(S) andg in G, and henceg(s) = s for all g in G. Then 
the theorem follows from (1.10) and (2.4). 
We remark that although (2.5) is independent of the Galois theory of [7], it 
relies on the technical results of that study. 
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3. In this section we shall apply (1.10) to the case where R is connected. 
Let S be a locally weakly Galois R-algebra. We show that the sheaf on X(S) 
is isomorphic to a constant sheaf, and hence S @ S is isomorphic to a ring of 
locally constant functions on X(S @ S); we also find explicitly the structure 
of X(S @ S). This allows us to recover the Galois theory of [4], and also to 
show that the fixed rings of subgroups of AutR(S) are locally separable, which 
is false when R is not connected. We assume throughout this section that R 
has no idempotents except zero and one. 
Let X be a topological space. A partition of X is a finite cover of X by 
pairwise disjoint open sets. The partitions of X form an inverse system of 
finite discrete spaces. X is profinite if it is homeomorphic to the inverse limit 
of this system (equivalently, X is compact, Hausdorff and totally 
disconnected). We state, without proof, the following easily verified properties 
of profinite spaces: 
PROPOSITION 3.1. Let X be a profkite space and G a proJnite group acting 
continuously and effectively on X. Then the orbit space X/G is pro$nite and the 
canonical projection X + X/G admits a continuous section. 
I f  X, Y are topological spaces, let C(X, Y) denote the space of continuous 
functions from X to Y (in the compact-open topology). 
PROPOSITION 3.2. Let X, Z be pro$nite spaces, Y a discrete space. 
(a) dir lim C(P, Y) = C(X, Y) where P ranges over partitions of X. 
(b) C(X, Y) is discrete and the adjoint mup C(X, C(Z, Y)) + 
C(X x 2, Y) is a bijection. 
(c) If W is a closed subspace of X, the restriction C(X, Y) -F C( W, Y) 
u onto. 
I f  M is an R-module (algebra), considered as a discrete space, and X is 
profinite, then C(X, M) is an R-module (algebra) under pointwise operations. 
PROPOSITION 3.3. Let X be a projinite space, M, N R-modules (algebras). 
Then C(X, M) @ N + C(X, M @ N) by (f @ n)(x) = f(x) @ n is an 
R-module (algebra) isomorphism. 
I f  T is an R-algebra, x any point in X(T), T, is naturally on R-algebra. 
If  T is locally strongly separable, so is T, . For any R-algebras T, S let A( T, S) 
denote the set of R-algebra homomorphisms from T to S. If  T = dir lim Ti 
A(T, S) = proj lim A(T, , S). I f  each A(T, , S) carries the discrete topology, 
A(T, S) carries the projective limit topology induced by the Ti . 
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proposition 3.4. Let S be a Galois R-algebra, T a comtected local& 
strongly separable R-algebra and suppose that ,4(T, S) is non-empty. Then 
S @ T + C(A(T, S), S) by (s @ t)(h) = sh(t) is an algebra isomorphism; 
zuhere A(T, S) carries the projective limit topology induced ~53~ the strongly 
separable subalgebras of T. 
Proof. An R-algebra map of T to S is one-one [2, 1.6, p. 4641 so we can 
assume T is a subalgebra of S. If  T is strongly separable and connected, the 
result follows from [4,1, p. 3351 and [I, 3.2, p. 251. If  T = dir lim T-I , each 
TI strongly separable, then 
S 0 T = dir lim(S @ TJ = dir lim C(A(Ti , S), 5’) = C(A(7; Sj7 S), 
the last equality by (3.2)(a). We also have a( T, S) profinite. 
COROLLARY 3.5. If  S is a Galois R-algebra, S @ S = C(Aut,(S), S). 
We remark that if S is a locally weakly Galois R-algebra, so is S, for each 
x in X(S). Let T be a separable closure of R, let g be in 3(S, T) and let 
S, = g(S). S, is isomorphic to S, (where x is the set of idempotents of the 
kernel of g) and hence locally weakly Galois; since S is normal, for every h 
in 9(S, T) h(S) = S,, . For everyy in X(S), 4(S, , T) is non-empty; if h is in 
B(S, , T), A(S, , T) = AutR(SO) h. We summarize: 
PROPOSITION 3.6. Let S be a locally weakly Galois R-algebra, SO its &age 
in a separable closure of R. Then AutR(S,,) operates continuously and effectively 
OE A(& A’,,) and the quotient space is homeomorphic to X(S). 
Proof. It remains to show the final assertion. Let S be the direct limit of 
the normal, strongly separable subalgebras Si . For each i define 
fi : A(& ) So) ---f X(SJ 
by f,(h) = (e : h(e) = 0). Let f  = proj lim fi ) , f  : A($ S,) + X(T) is 
continuous andf(h) = (e : h(e) = 0). The remarks above show that f  is onto 
and if f(h) = f(g), there is an automorphism k of S, with kh = g. Thus f  
induces a continuous bijection of the quotient with X(T); by compactness f 
is a homeomorphism. 
THEOREM 3.7’. An R-algebra S is locally weakly Galois ;f  and only <f S is 
isomorphic to C(X, SO) for some pro$nite space X and Galois R-algebra 22, ~ 
Proof. Let S, , f  be as in (3.6). By (3.1), f  admits a section p. Map S to 
C(X(S), S,) by t(s) = p@)(t). This is clearly an injection; since the range is 
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generated as an S-algebra by its idempotents and each of these is in the image, 
the map is an isomorphism. 
For the converse, write X = proj lim S, , S = dir lim Si , where the Xi 
are finite and the Si finitely generated and Galois. Then C(X, S) = 
dir lim C(;k’i , S,); and by (1.6) each C(Xi , SJ is strongly separable. 
We may regard (3.7) as the infinite version of [6, 1.3, p. 7231. 
We now fix the following notation: S,, is a Galois R-algebra, X a profinite 
space, G is AutR(SJ, and S is C(X, S,). By (3.7), every locally weakly Galois 
R-algebra has such a decomposition. 
PROPOSITION 3.8. The map S @ S-+ C(X x X x G, S,,) by 
(s 0 T)b, Y> g> = 44&(y)) 
is an isomorphism. 
Proof. The map in question is the result of the following string of 
isomorphisms: 
c(x, so) @ c&Y, so) = C(X, C(X, So)) = C(X x X, C(G St,)) 
= C(X x X x G, So), 
using (3.2) (3.3) and (3.5). 
Thus X(S @ S) is h omeomorphic to X x X x G. In fact, X x X x G 
is a groupoid under (x, y, g)( y, x, h) = ( I\*, x, gh) and the groupoids G(S/R) 
and X x X x G are isomorphic (the isomorphism depends on a section p 
as in the proof of (3.7)). Under the isomorphism 
G(S/T) == ((x, y, g) : g(f( y)) = f(x) for allf in T) 
for a subalgebra T and for a subgroupoid H, SH = (fin S : g(f( y)) = f(x) 
for all (x, y, g) in H}. We apply this to the special case where S is connected: 
THEOREM 3.9. Let S, be a Galois R-algebra. Then the correspondences 
Hd SIH a& T -+ Aut,(S,) induce inverse bijections betzveen the set of all 
closed subgroups of the projkite group AutR(Sr) and the set of all locally separable 
subalgebras of S, . Separable subalgebras correspond to open subgroups. 
Proof. By the above, we have G(S,/R) = AutR(SJ. In a profinite group, 
subgroups are closed exactly when they are intersections of open (hence 
closed) subgroups. Thus (1.10) and the interpretations given above of the 
Galois correspondence give the result. 
Theorem 3.9 is the Galois theory of [4]. 
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PROPOSITION 3.10. Let T be a locally separable subalgebra r$ S. Then 
S @jr S is isomorphic to C(G(S/T), SO). 
Proof. First assume T is strongly separable. Since G(S/T) is open 
and closed, the map S @ S--f C(G(S/T), S,) coming from the restriction 
of the isomorphism of (3.8) is onto and induces an epimorphism S or S +- 
C(G(S/T), S,). Let e be the image of the separability idempotent of T, so e 
is the characteristic function of G(S/T). I f  f is in the kernel of the epi- 
morphism, choose a representative g for f in S @ S. Then ge also represents 
f and ge gives the zero function on G(S/R). Thus ge, hence f, is zero and the 
epimorphism is an isomorphism. Now suppose T = dir lim T.i : each Ti 
strongly separable. By (3.2)(c) every element of C(G(S/T), S,,) is the restric- 
tion of a function in C(G(S/R), S,). Thus the isomorphisms S or,. S +- 
C(G(S/T,), S,) give rise, in the direct limit, to an isomorphism 
S $& S---f C(G(S/T), So). 
We now consider the relation with subgroups. First, we remark that if 
s E S, the zeros of s @ 1 - 1 @ s are, by (3.8) an open-and-closed subgroupoid 
of X x X i< G. Thus if 2 is any subset of X x X x G containing all the 
identities, the subalgebra corresponding to 2, i.e. the set of all s such that 
s @ 1 - 1 @) s vanishes on Z, is a subalgebra corresponding to an intersection 
of open-and-closed subgroupoids, and hence is locally separable, 
Every element of Aut,(S) gives rise to a homeomorphism of X; we denote 
the automorphism and the homeomorphism by the same symbol. To g in 
AutR(S) associate (g(x), x, g”) in X j< X % G, where g”(s) = (g(s))(g(x)). 
L~mrs 3.11. Let f be in S, g in AutT(S). Then g(f) = f  if and only if 
gT(f (x)) = f  (g(x)) for all x in X. 
Proof. Suppose g(f) = f and 1 e T t U b e in X. Choose an idempotent e of S 
with support U containing x such that f is constant on 2;;. Then 
g?f@!j == g(f (4NgbN = g(f (4 e)(gW = g(feXg(4) = (fg(e))Cg(x)> 
== f(g(x)). 
Now assume the converse. For each x in X, choose a neighborhood zj- of x such 
that f  is constant on U and f  and g(.f(x)) are constant in g(U). Cover X with 
such neighborhoods and refine the cover to a partition N(ei), i = l,..., 71. Let 
xi be in Ai( Then f  = Cf ( J i x e and g(f) = xg(f (q))g(e,). Since 
g(f (xi)) g(ei) = (g(f (q))(g(xJ)) g(eJ by the choice of the partition, 
g(f (4) g(ei) = f  (g(4) g(eJ 
and g(f) = Cf(gW> g(eJ =z f. 
102 MAGID 
To a subgroup H of AutR(S) we make correspond the intersection of all 
the open-closed subgroupoids of X x X x G containing all the (g(x), x, gz) 
for allg in H; this intersection is called the corresponding groupoid. (Compare 
the “prime” construction of Section 2.) 
PROPOSITION 3.12. Let H be a subgroup of Auts(S). Then theJixed ring of 
H is a locally separable subalgebra of S. 
Proof. By (3.1 l), the fixed ring is the same as the subalgebra corresponding 
to the corresponding groupoid of H which is locally separable by (1.10). 
Not all subgroupoids correspond; see [3, p. 281. Also if R is not connected, 
fixed rings of subgroups need not be locally separable; see [3, p. 281. 
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